In this paper, the mechanism of traveling wave reactors (TWRs) is investigated from the mathematical physics point of view, in which a stationary fission wave is formed by radial fuel drifting. A two dimensional cylindrically symmetric core is considered and the fuel is assumed to drift radially according to a continuous fuel shuffling scheme. A one-group diffusion equation with burn-up dependent macroscopic coefficients is set up. The burn-up dependent macroscopic coefficients were assumed to be known as functions of neutron fluence. By introducing the effective multiplication factor keff, a nonlinear eigenvalue problem is formulated. The 1-D stationary cylindrical coordinate problem can be solved successively by analytical and numerical integrations for associated eigenvalues keff. Two representative 1-D examples are shown for inward and outward fuel drifting motions, respectively. The inward fuel drifting has a higher keff than the outward one. The 2-D eigenvalue problem has to be solved by a more complicated method, namely a pseudo time stepping iteration scheme. Its 2-D asymptotic solutions are obtained together with certain eigenvalues keff for several fuel inward drifting speeds. Distributions of the neutron flux, the neutron fluence, the infinity multiplication factor kinf and the normalized power are presented for two different drifting speeds.
Introduction
Recent research and engineering studies of the so-called traveling wave reactor (TWR) concept carried out by TerraPower LLC. Have received wide attention in the nuclear community in [1] and Wikipedia website on the TWR [2] . Other recent papers [3] [4] [5] from this group reported their scientific and technical activities on this subject. This new concept has a significant relevance for the future development of nuclear energy, i.e., high fuel utilization and lower overall societal nuclear waste burden. The feasibility of the TWR was presented based on existing sodium cooled fast reactor (SFR) technologies, where depleted or natural uranium is fed in by a radial fuel shuffling scheme and a permanent power shape, i.e., a stationary burning/breeding wave, is formed.
By retrieving the historical development of the TWR concept [6] [7] [8] [9] [10] [11] , it can be immediately recognized that all of the original papers published in the past, especially before the TerraPower time, exclusively discussed the axial or plane traveling waves. The reason for this peculiarity may be that it is not so easy and straightforward to deal with the problem in cylindrical geometry as it is in plane geometry. In fact, the radial fuel drifting speed is no longer constant and on the other hand there is no permanent traveling wave, e.g., a solitary wave, which can propagate at a constant speed in the radial direction. However, if one considers the reverse problem, namely instead of a wave traveling through stationary fuel, fuel moving under a stationary neutron flux and power shape, then a burning/breeding wave could exist, which is stationary with respect to the fixed coordinate system, but moving relatively to the fuel. This is the main issue that we study in this paper. Some aspects, which are important in practice, e.g., initiating the stationary wave reactor or the reactivity control during reshuffling, are not discussed in this paper.
Practically, the radial fuel shuffling is today's conventional technique, where a fuel sub-assembly is taken out from one position and inserted into another one. Naturally the fuel shuffling that is carried out ring by ring in series can be regarded as fuel movement. The axial fuel shuffling is not common in convectional reactors, although the axial fuel shuffling (motion) can be dealt with theoretically and numerically much more easily than the radial one. This is why one had considered the TWR concept first in the axial or plane direction [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Nevertheless we have already started to simulate the radial fuel shuffling theoretically and numerically [17, 18] . Most probably inspired by our idea of continuous radial fuel shuffling, Seifritz [19] obtained an analytic solution for the outward fuel shuffling, as he assumed that the nonlinear term in his fluence equation is a sine function of fluence. It is worth mentioning here that there are a lot of TWR research activities carried out world widely and readers are referred, e.g., to [20] [21] [22] [23] [24] and their references.
From the viewpoint of mathematical physics, the mechanism of a stationary burning/breeding waves generated by radial fuel shuffling is investigated in this paper. In reality the continuous reactor operation will periodically be interrupted for loading, unloading, and radial shuffling of fuel subassemblies. This discontinuous operation process will be approximated and simulated by a continuous model of radial fuel drifting for the sake of theoretical simplicity. Being similar to the plane traveling wave model [13] , the one-group diffusion equation coupled with burn-up equations is used. The simplified but reasonable treatment of fission products is also described in [13] . Therewith macroscopic data are assumed to be dependent only on the neutron fluence, since radioactive decay processes are neglected. The U-Pu conversion cycle with the fresh fuel contained only 238 U heavy metal is considered as an example for the purpose of the direct utilization of depleted uranium under conditions of a typical SFR with uranium oxide (UOX) fuel or metallic fuel. With suitable boundary conditions at the core central, outer, top, and bottom boundaries, the 2-D cylindrical coordinate problem is formulated, which becomes a nonlinear eigenvalue problem. We solve the problem first for a 1-D simplified case with the UOX fuel without taking account of the axial neutron leakage and then for a 2-D case with the metallic fuel accounting for the axial neutron leakage. A successive analytical and numerical integration method is applied for the 1-D case and a numerical method of pseudo time stepping iteration for the 2-D one.
The obtained keff is actually a measure of the asymptotic criticality of this nonlinear system. In the 1-D case, two representative examples are shown for the inward and outward fuel drifting motions. The results demonstrate that the inward fuel drifting can achieve a higher keff than the outward one and therefore it is more feasible for application purposes. The asymptotically stationary 2-D wave solutions are obtained together with certain eigenvalues keff for several inward fuel drifting cases. Distributions of the neutron flux, the neutron fluence, the infinity multiplication factor kinf, and the normalized power are presented for showing 2-D and drifting speed effects.
Formulation and Modeling
The neutronic model used here is similar to that in [13] , except for the cylindrical coordinate in this case. That is the one-group diffusion theory coupled by burn-up equations neglecting radioactive decay processes. In the following, only a summary of this model is given. For more detail interested readers are referred to corresponding parts in [13] , especially the simplified fission product treatment and the detailed burn-up solution.
Diffusion Model Coupled by Burn-Up Equations
We consider a cylindrically symmetric core with an infinite axial height (1-D case) or a finite axial height (2-D case). The steady state one-group diffusion equation in the 2-D case can be written for a critical configuration as:
where  is the neutron flux, D is the diffusion coefficient, a  is the macroscopic absorption cross section, f  is the macroscopic fission cross section and  is the average number of neutrons generated by a fission process. The macroscopic cross sections in the present problem depend on the material composition that changes with the fuel burn-up. This means that the diffusion equation has to be coupled with the burn-up equations through the macroscopic coefficients a  , f  and D expressed as:
where n is the isotope index of all materials (fuel, coolant, and structure treated as a homogeneous composition), n N is the burn-up (time) dependent atom number density, tr  is the macroscopic transport cross section, a, σ n , f, σ n n  and tr, σ n are the corresponding microscopic quantities.
As already described in [13] , if the radioactive decay processes are neglected, the nuclide atom number densities can be expressed as functions of neutron fluence, which is defined as:
The readers are referred to [13] for detailed burn-up equations and their solutions of the U-Pu conversion cycle with initial fuel heavy metal (HM) composition of only 238 U.Here only the burn-up results are given. D is weakly fluence-dependent, as can be seen later in the 2-D case, and assumed here to be constant as D = 1.26 cm for the 1-D case. The mean microscopic net neutron generation cross section f and its corresponding macroscopic one F are defined as:
where HM,0 N is the initial HM atom number density. This fluence-dependent function f is evaluated by the burn-up solution and shown in Figure 1 for a typical SFR with fuel, coolant, and steel volume fractions of 50%, 30%, and 20%, respectively. The theoretical density of UOX fuel, Na coolant, and 80% Fe and 20% Cr steel are taken as 10.95 g/cm 3 , 0.83 g/cm 3 , 7.7 g/cm 3 , respectively. The initial HM atom number density is calculated as The fluence-dependent functions of the macroscopic data can be naturally obtained by numerical burnup calculations of zero-dimensional irradiation problems. As mentioned before, they are functions of fluence, only if the radioactive decay processes are neglected. Indeed it is a reasonably good approximation, as we consider long term irradiation processes. 
Radial Fuel Drifting
The basic idea of this paper is that fuel is drifting radially inwards or outwards, so that a standing breeding and burning wave is formed. This fuel drifting is considered theoretically as a continuous process, being regarded as a reasonable approximation of a discrete serial radial fuel shuffling in practice. Since the fuel and structure are not compressible, the fuel drift speed should be constrained by mass conservation. We take now the inward fuel drifting as an example, shown in Figure 2 , although we will calculate the outward fuel drifting case in the 1-D case as well. It has to be pointed out that due to the fuel drifting a convective term will come from the original time derivative term, but this term is extremely small as already discussed in [9] and therefore has been neglected in Equation (1). Fuel is fed in at r R  and discharged at 0 r r  , where R is the outer radius of the core and 0 r the inner radius. Usually the inner radius 0 r is zero, unless an external neutron source, a control rod, or a detector device is arranged at the center. Assuming the area of fuel sub-assemblies A  is loaded into the core or unloaded from the core in the time interval t  , due to the area conservation we have, at any r,
where
is the shuffling speed of the fuel element area, which is a constant in the problem, and the sign  stands for the outward and inward fuel motion, respectively. Equation (5) means that the local linear fuel drifting speed is equal to the fuel area speed divided by the local perimeter. The next important step is to derive the relationship between ψ and φ . In the Lagrange coordinate it holds in general as:
where D/Dt is the material time derivative. It can be written as, if it is transformed to the Euler coordinate (the laboratory fixed coordinate):
This is the Lagrange-Euler coordinate transform. In the special form of
, it becomes the Galilean transformation, as used for looking for the plane traveling wave [6] [7] [8] [9] [10] [11] [12] [13] [14] . But this is not the case here, since the wave drifting velocity is not constant. Further if we consider the asymptotic steady state, the time derivative becomes zero, we obtain:
for the outward and inward motions (6)
This important relationship between ψ and φ can also be obtained by a simple consideration.
for the outward and inward fuel motions, respectively, and d φ dt    , we have:
This equation is a supplement to Equation (1) due to the fuel drifting and burn-up.
Boundary Conditions and Nonlinear Eigenvalue Problem
For the inward fuel drifting the fresh fuel is loaded at the core periphery and the spent fuel is discharged at the center. Therefore the neutron fluence is zero at the core outer periphery and maximal at the center. Reversely, for the outward fuel drifting, it is zero at the core center and maximal at the outer periphery. Together with the boundary condition for the neutron flux, the boundary conditions at r R  [25] are written for the inward fuel drifting as:
Since there is no neutron source within the inner boundary of the core, the boundary condition at 0 r r  is simply a trivial Neumann boundary condition, i.e.,
Approximately, Equation (7) can be set as the trivial boundary conditions at the extrapolated boundary at
as:
is the so-called extrapolated distance, which is about 2.5 cm in our cases.
If the active core has a finite height in the axial direction, we have to set the boundary conditions at bottom and top ends of the core. We can set again the trivial boundary conditions at their extrapolated boundaries at
where L is the length of the active core. Formally we have completed the problem formulation with Equations (1), (4) and (6) and boundary conditions in Equations (7)- (10). This is a homogeneous system of equations, where the trivial solution of φ 0  and ψ 0  always exists. Our interest is of course not the trivial solution, but the non-trivial solution. The non-trivial solution exists only at the so-called critical state, from the physical point of view. However, the problem with arbitrary parameters, such as material compositions, core dimensions, and fuel drifting speed, will not reach exactly the state of criticality on occasion. To solve the problem mathematically, an effective multiplication factor keff, which is a measure of the criticality, is introduced in Equation (1) in the usual manner as:
Here we can define the mean microscopic net neutron generation cross section f again under the influence of keff as:
which is a known function of ψ, as eff k is regarded as an eigenvalue. Up to now an eigenvalue problem is formulated with Equations (6)- (12) . This eigenvalue problem is different from the classical one in the linear diffusion theory, because it is nonlinear, meaning eff k is associated with a non-trivial solution of this nonlinear equation system. Moreover, eff k is not only a measure of the criticality for the current state, but also for the asymptotic state. Physically it determines whether this fuel drifting under the certain neutron flux (power) can really reach the criticality in its asymptotic steady state.
1-D Integration and Solutions

Integration
Now we try to solve first the above formulated problem in the 1-D case, where the core height is infinitely large and the solution is independent of z. Since the solution depends on the fuel motion direction, we have to treat the cases of the inward and outward fuel motions separately. Let us do it first for the inward fuel motion case. Equation (11) can be integrated once over ( , ) r r R  , which gives:
Defining:
we have a complete set of equations as:
with boundary conditions:
Evaluating (15a) with the boundary condition in Equation (15c) at 0 r r  , we have:
where:
at r R  has been already substituted into Equation (15a) and will be satisfied automatically by solving the equations. Moreover the boundary condition
at r R  is confined by Equation (16a). For solving equation system in Equation (15a,b), the boundary conditions of Equation (15d) are sufficient. The additional boundary condition in Equation (15c) or (16a) makes the equation system in Equation (15a,b) be overdetermined. This is the issue here in this eigenvalue problem. The condition in Equation (15c) or (16a) with Equation (16b) will be used to determine the eigenvalue keff. In mathematical words, keff has such a value, so that Equation (15c) or (16a) is satisfied by the non-trivial solution of Equation (15a,b) under condition in Equation (15d). Similarly to the inward fuel motion, we have a set of equations for the outward fuel motion as:
Substituting Equation (17d) into Equation (17a) we have:
Equation (18a,b) are identical to Equation (16a,b), which will be used to determine keff. For solving this set of equations, similar arguments can be drawn as for Equations (15) and (16) . To be clear, it is concluded that keff has such a value, so that Equation (17d) or (18a) is satisfied by the solution of Equation (17a,b) under condition in Equation (17c).
Dimensionalization and Dimensionless Characterizing Number
The nonlinear eigenvalue problem is different from the linear one. But since they come from similar physical problems, they have some common features. In the linear homogeneous eigenvalue problem, the amplitude of neutron flux is a free parameter, which is usually fixed, e.g., by the total power or the maximal power density. Therefore everything can be normalized by its amplitude. In the nonlinear burn-up problem here, the solution is certainly dependent on the amplitude. However, there is a certain parameter, a combination of the flux amplitude and other quantities, with which the solution is invariant. To find this parameter is the purpose of these analyses. Most of such mathematically invariant parameters are physically dimensionless parameters, like the well-known Reynolds number, Mach number and so on in fluid mechanics. Under the same values of such numbers the solutions are similar. This is the so-called similarity law, which is some kind of invariance. We will see here, there is also such an important dimensionless characterizing number in this problem.
The neutron net generation cross section f has the dimension of barn, the neutron flux 1/(barn s) and the neutron fluence 1/barn. Therefore, the function g is dimensionless. Usually the neutron flux is normalized by its maximal value or the average value, or even in particular for this boundary value problem by its boundary value
. Anyway such a typical value can be noted as Φ and the non-dimensional flux as φ / Φ . The neutron fluence can be non-dimensionalized by multiplying it by a typical value of microscopic cross section. In this particular fuel drifting burn-up problem, a typical value for the fluence is 
to normalize variables and parameters:
All variables with superscript * are dimensionless. It is recognized immediately that the solution is invariant with the ratio of R Φ / v . Moreover the quantity: (20) plays an important role in this kind of burn-up problem. Any kind of microscopic cross section including f can be normalized by this quantity:
or a typical value of non-dimensionalized fluence, e.g., the maximal or average fluence:
can be the dimensionless "characterizing number" in this problem. 
The constraint condition in Equation (16a) becomes:
This is an important constraint in this problem. The normalization of  with its value at r R  is suitable for the mathematical problem, since it has simplified the mathematical formulation of the problem. However, it is not common in the nuclear community and not usual for practical purposes, because the maximal value of the flux can be much larger than the boundary value. A renormalization with the average value or maximal value can be easily done, as the solution is known. We present our results also with this renormalization. For the outward fuel motion, the same normalization procedure can be carried out. For the sake of convenience, we omit it here.
We take the following data from a typical SFR as applied in [13] for our 1-D examples here. The core outer radium is R = 150 cm, the inner radius is zero (r0 = 0 cm) and the maximal neutron flux is 3 × 10 15 cm −2 •s −1 . The used parameters are shown in Table 1 . 
Solution of Inward Fuel Drifting
As discussed before the solution of the nonlinear stationary wave problem is invariant with the ratio of R R v  or R R v  . The solution is always associated with the value of R R v  and the obtained value of keff. This implies that the neutron flux can be changed to any value, but the fuel drift speed should be changed correspondingly, so that R R v  does not change and the solution holds. The problem can be solved as described in the following. For a certain fixed value of R R v  and a guessed value of keff, the problem in Equation (15a,b) with boundary condition in Equation (15d) can be solved numerically. This preliminary solution will not satisfy the condition in Equation (15c) or (16a), but based on this solution we can change keff step by step until the condition is satisfied. The final keff and its associated solution are true. Only those solutions with keff slightly above unity are physically useful for establishing a critical state. Table 2 shows calculated results of four R R v  variation cases. As shown in Table 2 , as the drift speed increases from Cases 1 to 4 in terms of the average neutron flux, the flux peaking factor increases and the maximal fluence (that in the discharged fuel) decreases monotonically. But the ratio of the drift speed to the maximal flux, R m a x v  , becomes maximal in Case 2 and the effective multiplication factor keff in Case 3. As suggested by one of reviewers, we show the neutron flux and fluence distributions with the drift speed variation in Figure 3 , where the monotonic shape change of the neutron flux and fluence with the variation of drift speed is clear to see. For a fixed average flux, if R v is very large or very small, keff should be quite low. Therefore there must be a maximum point of keff in a suitable speed range. This is Case 3. Additionally, since the flux peaking factor max   is increasing more quickly than R v  , R m a x v  must has a maximum point that is Case 2. Table 2 .
Case 2 in Table 2 Figure 4 and the associated neutron fluence in Figure 3 , the Case 2 curve. The power peaking factor is 1.91 in this case, which is slightly higher than that for the flux of 1.75. The maximal neutron fluence is 2.6236 barn −1 and the correspondingly achieved burn-up is 55.3%. The power shape across the diameter looks somehow like the letter M, which is qualitatively similar to that presented by TerraPower, e.g., in [5] . Table 2 .
The burn-up calculations in this case are based on our simplified model [13] . The main actinide isotopes are shown in Figure 5 . As can be seen there, during the radial inward fuel shuffling 238 U decreases monotonously and 239 Pu increases first, reaches a maximum of about 10% and then decreases. The fission product pairs (FPPs) and other Pu isotopes with higher mass numbers are produced from zero at the outer radius. The neglect of radioactive decay processes can lead to some errors for higher Pu isotopes shown in the right plot of Figure 5 with an enlarged scale. For instance in reality a large of amount 241 Pu would have decayed to 241 Am as the fuel is discharged at the core center. Thus the curve for 241 Pu in Figure 5 is representative for the sum of 241 Pu and 241 Am. Table 2 . 
Solution of Outward Fuel Drifting
The outward fuel drifting can be calculated as well in a similar way. The natural normalization of φ in this case is to use the value at the center φ0, i.e., * 0     . Without further detailed explanation we just show the corresponding result. Through the R 0 v  variation we obtain the highest keff of about 0.9821. This means that this fuel drifting (shuffling) scheme cannot reach criticality in this core/fuel configuration under current cross section data. The reason for it is as follows: The fresh fuel with quite low kinf starts from the central region, where the flux is usually high, implying neutron importance is high, and irradiated fuel with higher kinf is located in the peripheral region, where the flux is usually lower. Therefore the neutron importance and kinf is worse matched in the outward fuel shuffling case than in the inward case. But the core at the subcritical level might be driven by an accelerator driven system or the core can become critical by adding fissile material to the fresh fuel. Therefore, also for the sake of comparison with inward shuffling, we would like to present the result. 0  and R v can be calculated as 
2-D Numerical Solution
Data Preparation
In the 2-D case, instead of solving the simplified burn-up equations like in [13] , we directly use the data of the macroscopic cross sections, which are obtained with a cell burn-up calculation by the ERANOS code [26] . The fuel, coolant, and steel volume fractions are 50%, 30%, and 20%, respectively. Metallic fuel is chosen for this case because of its high density that is in favor of breeding. The theoretical densities of metallic fuel, Na coolant, and steel are taken as 19.1 g/cm 3 , 0.83 g/cm 3 , 7.7 g/cm 3 , respectively. The initial isotopic atom number densities of fuel, coolant and steel can be calculated for ERANOS input accordingly. The irradiation neutron flux used in the neutronic calculation is constant and about 2.5 × 10 15 cm −2 •s −1 . Figure 7 presents results of a Σ , f Σ  , F, and D and the burn-up as functions of ψ. The burn-up is almost linear with ψ in the considered fluence range. It should be mentioned that pure metallic fuel with the density of 19.1 g/cm 3 is used in this paper, which is in favor of breeding and the asymptotic keff level, but would not be so realistic for a high burn-up. Usually the zirconium alloyed metallic fuel with the density of 15.8 g/cm 3 , see e.g., [27] , were used. 
Unsteady Problem Formulation
The steady state eigenvalue problem can be solved through time stepping iteration of its associated unsteady problem. The unsteady problem can be formulated as:
where τ is the neutron generation time normalized time, i.e., / t    , and the neutron fluence is given as, for the inward fuel drifting,
It is necessary to state that we only consider inward fuel movements in 2-D cases, since the 1-D results have shown that the inward case is better than the outward one with respect to keff.
The reactivity  defined as:
can be evaluated by the solution of Equation (25a) due to its self-adjoint property for the one energy group treatment as:
The relationship between keff and  is given here as:
The unsteady in Equation (25a) together with Equation (25b) under boundary conditions in Equations (8)- (10) can be solved directly by Mathematica.
Normalization and Time Stepping Iteration
Before we get the iteration solution, we need to normalize or non-dimensionalize the equations similarly to the 1-D case. We use the radius R, the maximal  and the fuel drifting speed R v at r R  as basic dimensional variables. Then the following scales can be derived for the current problem,
where HM,0 N is the HM atom number density of the fresh fuel, i.e., of 238 U at 0   .
In the following, we just solve normalized equations. For the sake of simplicity, we use the same symbols for non-dimensional variables as those for the dimensional ones. With a rough approximation of the asymptotic state as initial value that can be obtained by the 1-D radial solution and the cosine form in the axial direction we start our iteration procedure. As the neutron flux is given as an initial guess, we can have its "asymptotical" associated neutron fluence from Equation (25b). Then with this neutron fluence, we can solve Equation (25a) by certain time iteration steps to obtain a new neutron flux and its associated reactivity. This iteration procedure in step n, as formulated below, can go on until the solution is convergent.
"Convergent" means that
 is sufficiently small everywhere, but it implies also that ( 1) n  is a steady state solution with the associated keff.
Numerical Results
We consider the cylindrical core dimension of R = 150 cm and L = 200 cm, in which the extrapolation length d on the core outer boundary has been already included for this case. Again, we do the variation of R m a x v  similarly to 1-D cases. The main parameters in the variation are shown in Table 3 . R m a x v  is monotonically increasing from Cases 1 and 3 while the fluence is decreasing.
The average burn-ups deduced from Figure 7d are 346 MWd/kgHM, 233 MWd/kgHM and 121 MWd/kgHM, and the maximal burn-ups 488 MWd/kgHM, 388 MWd/kgHM and 271 MWd/kgHM for Cases 1-3, respectively. It is interesting to observe that Case 1, shown in Figure 8 , has the largest burn-up and the smallest peaking factor, while Case 3, shown in Figure 9 , has the smallest burn-up and the largest peaking factor. Case 2 has the largest keff. The large peaking factor in Case 3 does not imply this case is not realistic in practice. If we look at its power distribution shown in Figure 9d , we recognize that a large part of core in the peripheral zone has nearly zero power, which can be regarded as a blanket region, as common in conventional fast breeder reactor designs. If this region is excluded, the peaking factor will be reduced to a realistic value of about 4. It is interesting to notice that one characteristic parameter, namely the ratio of the drift speed to the maximal flux, R m a x v  , shown in the first line in Table 3 , decreases monotonically from Case 1 to Case 3, but another parameter, namely R v  , in the second line in Table 3 , increases. As we compare 2-D cases with 1-D ones, we find surprisingly that the values of R v  in 2-D cases in Table 3 are quite similar to those in 1-D cases in Table 2 , while R m a x v  values are lower than those in Table 2 .
This means that it is quite suitable to choose the average flux as the reference value for comparison of 1-D and 2-D cases. The reason for higher values of R m a x v  in 2-D cases is the higher peaking factors there because of its additional axial neutron leakage.
Herewith we want to insert a comment on keff results. All the values of keff shown in Table 3 are slightly above unity. This might not be absolutely true, because our model is not so accurate for predicting the "prompt" value of keff. It is even much more a challenge in general to accurately predict the asymptotic value of keff for any existing code. Small errors in microscopic data, which do not have significant effects on the prompt keff of a core with quite fresh or short-time irradiated fuel, can result in a significant error in the asymptotic keff, since the error is accumulated through a long time process of e.g., 50 years fuel burn-up. But this does not mean the calculated results are useless. The relative tendency of the asymptotic keff is important for determining the current parameter of R m a x v  . The error in the asymptotic keff due to existing uncertainties should be compensated in reality by control rods, which can regulate the reactivity at the current time. In the authors' opinion, such control rods are needed in TWR designs, contrarily to the opinion of no need of control rods in TWR, which was often held in this community in the past. Calculated results of Cases 1 and 3 in Table 3 are presented with distributions of neutron flux, fluence, kinf and power in Figures 8 and 9 , respectively. While the fuel drifting speed is increasing from Cases 1 Case 3, the power peak position shifts from about 2/3 of radius to the center and the power shape changes from a sickle-shaped pattern to one with a mono peak at the core center. Since the neutron flux is higher in the mid-core than in the upper and lower parts of the core and consequently the burn-up or neutron fluence is higher in the mid-core, if the fuel drift is sufficiently slow like in Case 1 as shown in Figure 8 , the maximal power density is located off the center, e.g., roughly in the radial range 90-100 cm away from the core center in this special case, and a depression around the core center, e.g., axially between 50 cm and 150 cm, is formed. As consequence the power distribution becomes sickle-shaped, which is similar to the axial wave pattern [11, 20] . If the fuel drift is relatively quick, so that the position of maximal kinf is close to or at the center, the power shape is of course center-peaked as in Case 3 as shown in Figure 9 . It should be mentioned that the axial burn-up distribution in the discharged fuel assembly is similar to the shape of the fluence at r = 0, because the burn-up is almost linearly proportional to the fluence. It can be seen from Figures 8b and 9b that the axial burn-up distribution in Case 1 is flatter than in Case 3.
Conclusions
From the mathematical physics point of view, the TWR concept with serial radial fuel shuffling is studied in this paper. The one-group diffusion model coupled with simplified burn-up models and a significantly simplified treatment of fission products is applied and the radial fuel shuffling is modeled approximately by continuous fuel drifting. UOX and metallic fuels with pure 238 U are considered as fresh fuel compositions. Asymptotically stationary wave solutions with associated eigenvalues keff in 1-D cases are obtained successively by analytic and numerical integrations for certain ratios of neutron flux and fuel drift speed for both inward and outward drifting. The inward fuel drifting has a better TWR capability than the outward one, where the maximal achieved asymptotic keff in the inward drifting case is significantly higher than that in the outward case. The 2-D eigenvalue problem is solved numerically by the pseudo time stepping iteration scheme. The asymptotically stationary 2-D wave solutions are obtained together with associated eigenvalues keff for several fuel inward drifting speeds. Associated distributions of the neutron flux, the neutron fluence, the infinity multiplication factor kinf, and the normalized power density are presented for the inward fuel drifting motion for showing 2-D and drifting speed effects. The dimensional analysis and the numerical results show that the dimensionless parameter
is a characterizing number in this problem.
